
12391

ADVANCED SUBSIDIARY (AS)
General Certificate of Education

Further Mathematics

Assessment Unit AS 2
assessing

Applied Mathematics

[SFM21]
Assessment

*S
FM

21
*

*
S
F
M
2
1
*

Assessment Level of Control:
Tick the relevant box (3)

Controlled Conditions
Other

TIME
1 hour 30 minutes.

INSTRUCTIONS TO CANDIDATES

Write your Centre Number and Candidate Number on the Answer Booklet provided and on the 
Section D Supplementary Answer Booklet (if applicable).
You must answer all questions from sections A and B or A and C or A and D or C and D.
You should spend equal time on each of the two sections.
Candidates taking Section D should use the Supplementary Answer Booklet provided and attach 
to your Answer Book using the treasury tag provided.
Show clearly the full development of your answers. 
Answers should be given to three significant figures unless otherwise stated.
You are permitted to use a graphic or scientific calculator in this paper.

INFORMATION FOR CANDIDATES
The total mark for this paper is 100.
The total mark for each section of this paper is 50.
Figures in brackets printed down the right-hand side of pages indicate the marks awarded to each  
question or part question.
Answers should include diagrams where appropriate and marks may be awarded for them.
Take g = 9.8 m s−2, unless specified otherwise.
A copy of the Mathematical Formulae and Tables booklet is provided.
Throughout the paper the logarithmic notation used is ln z where it is noted that ln z ≡ logez

Ne
w

Sp
ec
ific
at
ion



212391

BLANK PAGE



312391 [Turn over

SECTION A Mechanics 1

Answer all five questions in this section.

1 Two forces

5 3( 6) N and (−1) N
−7 −2

 move a particle through a displacement

r = 4
r = (−1) m
r = 5

 Find the work done by the resultant force. [4]
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2 Fig. 1 below shows a car of mass 1200 kg travelling in a horizontal circle of radius r metres 
as it negotiates a bend in the road.

16°

Fig. 1

 The road is banked at an angle of 16° to the horizontal.

 The car moves at a constant speed of 14 ms−1 and has no tendency to slip on the  
road surface at this speed.

 (i) Draw a diagram showing all the external forces acting on the car. [2]

 (ii) Find the normal reaction between the car and the road. [3]

 (iii) Find the radius r. [5]

 (iv) State one modelling assumption you have used. [1]
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3 (a) A light elastic string of natural length l metres and modulus of elasticity λ newtons  
rests on a horizontal surface with one end attached to a fixed point.

  Show that the work done by the tension when the string is extended by e metres  
from its natural length is

    − λe
2

2l   joules [4]

 (b) A light elastic rope, of natural length 1.7 m and modulus of elasticity 98 newtons, has 
one end attached to a point P and the other end to a package of mass 5 kg.

  The package is held at P and released from rest.

  It drops vertically until it comes to instantaneous rest at a point Q.

  Take the gravitational potential energy to be zero at P.

  Using the Principle of Conservation of Mechanical Energy, find the length PQ. [8]

4 A horse of mass 450 kg canters along a race track and experiences a constant resistance.
 When the track is horizontal, the horse canters at a constant speed of 18 km h−1 
 The horse works at a constant rate of 2 kW.

 (i) Show that the magnitude of the resistance it experiences is 400 N. [3]

 The horse now runs up a hill inclined at an angle α to the horizontal where sin α = 0.1
 It reduces its speed to a constant value of 10.8 km h−1 to ascend the hill.
 Assume the resistance it experiences remains at 400 N.

 (ii) Find the rate at which the horse now works. [4]

 The horse then descends a hill inclined at an angle β to the horizontal where sin β = 0.05
 At a particular instant, it is working at a rate of 2 kW and moving with an acceleration  

of 0.4 ms−2

 Assume the resistance it experiences is now 300 N.

 (iii) Find the velocity of the horse at this instant. [5]

12391
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5 In an airport, suitcases slide down a straight, rough ramp to a loading bay.

 The coefficient of friction between the ramp and the suitcase is 0.3

 The ramp is 4 m long and is inclined at 20° to the horizontal.

 A 30 kg suitcase starts to slide down from the top of the ramp.

 It has an initial speed of 0.8 ms−1

 Model the suitcase as a particle.

 (i) Draw a diagram showing the external forces acting on the suitcase. [1]

 (ii) Calculate the work done by friction as the suitcase slides down the full length of 
the ramp. [4]

 (iii) Using the Work–Energy Principle, find the speed of the suitcase at the bottom of  
the ramp. [6]



712391 [Turn over

SECTION B Mechanics 2

Answer all five questions in this section.

1 A scientist is studying a production process.

 She believes that the mass M of its output depends on the viscosity μ and density ρ of the raw 
material and the power H of its engine.

 She assumes a product relationship between the quantities:

M  =  k μ xρ yH z

 where k is a dimensionless constant.

 Use the Method of Dimensions to find x, y and z.

 Note that the dimensions of viscosity are ML−1 T−1  
and the dimensions of density are ML−3 [8]
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2 A river flows from West to East at 9 kmh−1 as shown in Fig. 1 below.

N

S

W EC
9 kmh−1

53°

L
South
bank

Fig. 1

 A life-saving station L lies on the edge of the South bank.
 A canoe C gets into difficulty in the river when it is on a bearing of 053° from L. 

It then starts to drift with the current.
 At this instant a helicopter, moving at 70kmh−1, is dispatched from L to rescue the canoe.

 Find the bearing on which the helicopter should fly to intercept the canoe. [7]

3 A weather satellite is placed in a circular orbit lying in a plane through the equator. 

 The satellite orbits the earth with a period of 90 minutes.

 The radius of the earth at the equator is 6378 km.

 (i) Given that M kg is the mass of the earth and G is the universal gravitational constant, 
show that M G is approximately 3.9865 × 1014 m3s−2 [3]

 (ii) Hence find the height of the weather satellite above the equator. [8]
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4 A small block B of mass m kg is resting in equilibrium on a rough slope as shown in  
Fig. 2 below.

30°

A

B

C

Fig. 2

 The block is attached to two light elastic strings along the line of greatest slope.
 The lower string joins the block to the fixed point A.
 The upper string joins the block to the fixed point C.
 AC = 0.9 m
 The block can be modelled as a particle and is about to move up the slope.

 Both strings are in tension.

 (i) Copy the diagram showing all the forces acting on the block. [1]

 The string from A to B has natural length 0.1 m and modulus of elasticity k1mg N.

 The string from B to C has natural length 0.4 m and modulus of elasticity k2mg N.

 The angle of inclination of the slope to the horizontal is 30°
 The coefficient of friction between the block and the slope is 1

√3
 Take the extension in the string from A to B to be x m.

 (ii) Show that the tension in the string from B to C is   12  
k2mg (2 − 5x) newtons. [3]

 (iii) Show that the extension x is

    
2(k2 − 1)

5(4k1 + k2) [6]
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5 A small toy car of mass m kg moves around the outside of a fixed smooth cylindrical oil 
drum, as shown in Fig. 3 below.

C

A

B

θ

O

GPE baseline

Fig. 3

 The car C moves in a vertical circle of radius r metres and vertical diameter AOB where O is 
the centre of the circle and B is below A.

 Initially, the car is at rest at point A and is displaced slightly so that it begins to move.
 When the car is at point C, where the angle AOC = θ, it is moving with speed v ms−1

 Take the baseline for gravitational potential energy to be the horizontal line through B.
 Model the car as a particle.

 (i) Show that the gravitational potential energy of the car at C is

    mgr (1 + cosθ) joules [2]

 (ii) Hence find an expression for the kinetic energy of the car at C in terms of  
m, g, r and θ [5]

 (iii) Show that the reaction of the drum on the car at C is given by

    mg (3 cosθ − 2) newtons [5]

 The toy car leaves the surface of the drum at the point D.

 (iv) Find the angle AOD. [2]
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SECTION C Statistics

Answer all five questions in this section.

1 A lorry company is investigating the deterioration of the tyres on its fleet of lorries over time.
 The company took a sample of its lorries and recorded the distance travelled (x, 1000s of 

miles) from the time new tyres were fitted and the corresponding tread depth (y, mm) of  
the tyres.

 The summary statistics are shown below.

n Σ x Σ y Σ xy Σ x2

8 100 39.1 382.6 1610

 (i) Find the equation of the least squares regression line of tread depth on distance  
travelled. [7]

 (ii) Estimate the tyre tread depth for a lorry that has travelled 30 000 miles from the time 
new tyres were fitted. Comment on the value. [3]

2 The Northern Ireland (NI) amateur hockey league consists of 20 hockey clubs located in 
various towns throughout Northern Ireland.

 Each club holds a database of its season supporters, which has their names and  
contact details.

 The organisers of the league would like to find out the views of the supporters regarding 
possible changes to fixture arrangements.

 They wish to select a sample of supporters from the whole of NI and conduct face-to-face 
interviews at the respective club grounds for each selected supporter.

 (i) Describe how the method of cluster sampling could be used for this investigation.  
Give one advantage and one disadvantage of using this technique. [5]

 (ii) State a different sampling technique that could be used for this purpose and give one 
reason why it would be less suitable. [2]
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3 The number of major earthquakes that occur per year on the Earth follows a Poisson 
distribution.

 Earthquakes with magnitude 8.0 or greater occur on the Earth at an average rate of two 
earthquakes per year.

 (i) Find the probability that, in a single year, there will be more than two earthquakes of 
magnitude 8.0 or greater. [4]

 Earthquakes with magnitude 9.0 or greater are less common.
 The probability of no earthquakes of magnitude 9.0 or greater occurring in a single year on 

the Earth is 0.25

 (ii) Find the average annual rate of earthquakes with magnitude 9.0 or greater. [4]

4 In a school there are six players on the senior tennis team and seven players on the junior  
tennis team.

 A group of five players are randomly selected, from these 13 players, by the tennis coach to 
represent the school at a sporting event.

 (i) Find the number of different ways of selecting the group of five players for the event. [2]

 (ii) Find the probability that the group of five players consists of more senior players than 
junior players. [5]

 The group of five players selected to represent the school at the event comprises  
three senior players and two junior players.

 At the event, a photograph is taken of the group in a row of five seats.

 Find the number of different ways of arranging the five players for the photograph if:

 (iii) there are no restrictions on seating arrangements; [1]

 (iv) the two junior players must be seated together. [3]
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5 The random variable X has the continuous probability density function f(x) defined by

f(x)  =  { 9x2

ax + 17
4

0

  
0G H I JxG H I J0.5

0.5 < xG H I J1
otherwise

 where a is a constant.

 The graph of f(x) is shown in Fig. 1 below.

f(x)

O 0.5 1 x

Fig. 1

 (i) Show that a = −4 [2]

 (ii) Show that  P(0 < X < 0.5) = 0.375 [3]

 (iii) Hence find the median value of X. [9]
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SECTION D Discrete and Decision Mathematics

Answer all five questions in this section.

Note: There is a Supplementary Answer Booklet for question 3(ii)
Please attach to your answer booklet using the treasury tag provided.

1 Fig. 1 below shows a graph G on nine vertices labelled a, b, ..., i.

c
b

d

f

g
e

h

ia

Fig. 1

 (i) Write down a Hamiltonian cycle for this graph. [2]

 An Eulerian circuit is possible in this graph if a single edge is added between two particular 
vertices to make a new graph G*

 (ii) Write down these two vertices. [2]

 (iii) Write down an Eulerian circuit for the new graph G* [3]
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2 The Lucas numbers are defined by the recurrence relationship

Ln+2 = Ln+1 + Ln  nG H I J0

 where L0 = 2 and L1 = 1

 (i) Show that the auxiliary equation is

    x2 − x −1 = 0 [2]

 (ii) Hence show that

    Ln  =  αn  +  βn

  where α and β are real numbers to be determined. [7]

 (iii) Show that as n gets larger Ln approaches

    2−n (1 + √5)n [2]

[Turn over
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3 Fig. 2 below shows the activity network used to model the set up and running of  
an event.

 The activities involved are labelled A, B, ..., L and are represented by the edges.  
The number on each edge represents the time, in days, required for one employee to complete  
that activity.

1 3 6 8

52

4 7

F
4

D
5

I
8

G
5

B
9

E7
C

5

H
4

K
2

5
L

J
3

label

A
6

Early
time
Late
time

Key for event nodes

Fig. 2

 (i) Explain how to determine the early time in node 3. [1]

 (ii) Calculate the early time and late time for each event.
  Write your answers in the spaces provided in the copy of Fig. 2 in the  

Supplementary Answer Booklet. [4]

 (iii) (a) What is meant by the float time for activity H? [1]

  (b) Calculate the float time for activity H. [2]

 (iv) Determine the critical activities and the length of the critical path. [2]
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4 Let p, q and r be propositional statements.

 Use truth tables to prove
  ∼[(∼p or r) and q] ≡ (p and ∼r) or ∼q [9]

5 The Cayley table of the order 8 group G is given in Fig. 3 below.

1 a a2 a3 b ab a2b a3b

1 1 a a2 a3 b ab a2b a3b

a a a2 a3 1 ab a2b a3b b

a2 a2 a3 1 a a2b a3b b ab

a3 a3 1 a a2 a3b b ab a2b

b b a3b a2b ab 1 a3 a2 a

ab ab b a3b a2b a 1 a3 a2

a2b a2b ab b a3b a2 a 1 a3

a3b a3b a2b ab b a3 a2 a 1

Fig. 3

 (i) Determine whether or not the group G is commutative, justifying your answer. [2]

 (ii) Find the period of each element of G. [3]

 (iii) List two subgroups of G of order 4, each of which contains the elements 1 and a2  
and two other elements. [2]
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 A hexagon PQRSTUVW is illustrated in Fig. 4 below.

 It is formed by taking a regular hexagon and doubling the length of the horizontal sides.

 Therefore PQ = QR = RS = ... = WP, with R and V being the midpoints of QS and WU 
respectively.

P T

U

S

W

Q

V

R

Fig. 4

 (iv) List the elements of the symmetry group, H, of this hexagon and their corresponding 
periods. [4]

 (v) State, with a reason, which of the two subgroups of order 4 of G, identified in  
part (iii), is isomorphic to H. [2]

THIS IS THE END OF THE QUESTION PAPER
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